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ABSTRACT
Context. The Geneva Stellar Evolution Group has recently presented an extended database of rotating stellar models at three different
metallicities for nine different initial rotation parameters and ten different masses corresponding to spectral types from early- F to
late- O. With these grids we have contributed to the understanding of the evolution of single rotating stars, and we intend to use
them to produce synthetic stellar populations that fully account for the effects of stellar rotation. However, up to now we still lacked
stellar evolutionary tracks that rotate close to the critical limit during the whole main-sequence (MS) phase. This occurs because
the flat internal profile of rotation imposed at the zero-age main sequence (ZAMS) is modified by the action of meridional currents
immediately after the ZAMS, causing the surface rotational velocity to decrease abruptly until it reaches a quasi-stationary state.
Aims. We compute stellar models with non-solid rotation at the ZAMS, which allows us to obtain stellar evolutionary tracks with a
larger content of angular momentum that rotate close to the breakup limit throughout the whole MS.
Methods. We produced stellar models by removing the assumption that stars rotate as solid bodies at the ZAMS. We obtained the
stellar structure at the ZAMS with a differentially rotating profile for three different metallicities by performing pre-MS calculations
and by proposing ad hoc initial rotational profiles. We then computed the MS evolution and later phases of stellar evolution of these
models, which attain rotational equatorial velocities close to the critical limit throughout their whole MS phase.
Results. Stellar models with solid rotation at the ZAMS adequately represent the overall characteristics and evolution of differentially
rotating models of identical angular momentum content, but with a lower initial surface rotational velocity rate, at Z=0.014, Z=0.006,
and Z=0.002. For models with solid rotation at the ZAMS we therefore recommend to use as the initial rotational rate the values
derived once the quasi-stationary state is reached, that is, after the abrupt decrease in surface velocity. By producing stellar structures
at the ZAMS with differentially rotating profiles and larger angular momentum content than in our previous works, we obtain models
that rotate close to the critical limit throughout the whole main sequence. These models have a longer MS lifetime and a higher
surface chemical enrichment already at the end of the MS, particularly at Z=0.002. Interestingly, the initial equatorial rotational
velocities are virtually metallicity independent for all stellar models we computed in the B-type star range with the same mass and
angular momentum content at the ZAMS. If, as some observational evidence indicates, B-type stars at Z=0.002 rotate with a higher
equatorial velocity at the ZAMS than stars with Z=0.014, our finding would indicate that the angular momentum content of B-type
stars in the SMC is higher than their Galactic counterparts.
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1. Introduction
Rotation has proved to play a relevant role on the formation,
evolution, and the ultimate fate of stars (see e.g. Maeder 2009)
and, as a consequence, it has deep implications for the behaviour
of different populations of stars in clusters and galaxies. There-
fore, it is important to study rotating stellar populations to gain
a better understanding of the physics of rotation in stars. To do
this, it is necessary to explore, both from a theoretical and an
observational point of view, groups of stars in which the effects
of rotation are strong. In particular, the domain of B-type stars
has been known for a long time to offer an exceptional labora-
tory for studying stellar rotation (Slettebak 1966; Sackmann &
Anand 1970)[e.g.], because it hosts the largest portion of rapidly
rotating stars. Among them, we find Be stars (see Rivinius et al.
2013, for a recent review on these rapidly rotating objects).
With the aim of studying in detail the effects of rotation
troughout the B-type stellar range, Georgy et al. (2013) pre-
sented an extended database of models of rotating stars at three
different metallicities for nine different initial rotation parame-
ters and ten different masses (between 1.7 and 15 M) at the
zero-age main sequence (ZAMS). This was achieved by the nu-
merous improvements that were implemented in the Geneva stel-
lar evolution code (Ekström et al. 2012), which enable comput-
ing models of rotating stars, even those that rotate at the critical
limit and experience episodes of mechanical mass loss (Georgy
et al. 2013; Granada et al. 2013).
It is important to to keep in mind that in order to do this,
many assumptions and simplifications were made, that enabled
us to account for physical processes that are not unidimen-
sional, such as rotation itself, convection, turbulent mixing, stel-
lar winds, etc. Many of these processes are still poorly under-
stood and remain treated with simple parametrized approxima-
tions. That is the case, for instance, of the choice of an over-
shooting parameter in convective regions, calibrated to ensure
an adequate reproduction of the width of the MS sequence band
in the Hertzprung-Russell diagram (HRD), or the prescription
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used for the diffusion coefficients that express the transport of
angular momentum in rotating models1, among others.
To improve the prescriptions we can benefit from 2D/3D
models, which provide a more realistic description of the struc-
ture of rotating stars. For instance, Espinosa Lara & Rieutord
(2011) have succedeed in obtaining a better description of the
latitude dependency of the temperature in rapidly rotating stars.
Other authors (e.g. Deupree et al. 2012) have calculated fre-
quency spectra for rotating pulsators, which is useful to interpret
the asteroseismic data. These types of data are most promising
to set contraints on the internal structure of the star and its rota-
tional properties and evolution (Eggenberger et al. 2012; Neiner
et al. 2012). Multidimensional hydrodynamical simulations can
als provide constraints on the treatment of turbulence (Arnett &
Meakin 2011) and hence better describe the transport of angular
momentum inside the star. Until many of the new constraints
prove to be better than the existing ones, we continue to use the
same prescriptions that have been used in previous computations
with the Geneva stellar evolution code.
We recall some of the main assumptions made for computing
grids of rotating models.
– Shellular rotation hypothesis: Ω is constant on isobars, be-
cause of strong horizontal turbulence (Zahn 1992). Under
this assumption, there is no latitude dependency of stellar ro-
tation.
– The shape of a rotating star is given by the Roche model,
which assumes a central condensation of the stellar mass.
In this framework, the surface of the star only depends on
ω = Ω/Ωcrit, with Ω the angular velocity of the stellar surface
and Ωcrit the breakup angular velocity. Even for stars with a
large angular momentum content such as those we present
here the stellar interior rotates well below its critical limit,
while the surface of the star is rotationally distorted, and 1D
models remain an acceptable approximation.
– Because of the Von Zeipel effect, the stellar winds are
anisotropic. In our computations we used the prescripions
described by Georgy et al. (2011).
– Throughout the evolution of a rapidly rotating star, the equa-
torial rotational velocity can reach the break-up limit. In our
models, we assume that stars reaching the critical limit will
undergo mechanical mass and angular momentum losses,
which we model as removing the overcritical layers of the
star. However, the details of mechanical mass removal close
to the critical limit are still not understood, and our models
also lack the physical process to effectively push the matter
outwards.
We refer to Ekström et al. (2008, 2012) and Georgy et al.
(2013, 2011) for extensive explanations and details of the physi-
cal processes and assumptions made in our calculations.
We plan to use our rotating grids to produce synthetic popu-
lations of stars and study their evolution in time, fully account-
ing for mass, rotation and metallicity distributions, with our new
population synthesis code (Georgy et al. 2014). The stellar mod-
els of the database were computed assuming solid-body rotation
at the ZAMS, with the underlying assumption that pre- main
sequence (pre-MS) stars are fully convective, similarly to the
work by Heger et al. (2000), and assuming that convection drives
rigid-body rotation2. In our models, the action of meridional
1 An interesting discussion of the impact of different prescriptions for
the diffusion coefficients included in the shellular rotating models was
provided by Meynet et al. (2013).
2 As mentioned above, it is beyond of the scope of this article to ex-
plore other rotation prescriptions on the convective regions, but this
currents modifies the flat internal rotation profile just after the
ZAMS when the solid-body constraint is released, which leads
to a strong decrease of the surface rotation. In this scenario, our
models therefore begin their evolution with a slow-down of their
surface rotational velocity. If the initial velocity is high enough,
they can reach the critical limit after some evolution on the main
sequence (MS). As a consequence, the initial conditions of the
calculations prevent obtaining very rapidly rotating stars at very
young ages, even when imposing a high value of ωini. Because
we intend to study the evolution of rapidly rotating stellar pop-
ulations, it is certainly a problem that we are unable to produce
rapidly rotating stars from the ZAMS because of the strong as-
sumption of an initial flat rotating profile.
The recent work by Haemmerlé et al. (2013), who computed
models of pre-MS stellar evolution, can help us solve this prob-
lem. On the one hand, it allows us to study the validity of the
assumption of solid-body rotation at the ZAMS, that is, to un-
derstand how stars with the same mass, metallicity and angular
momentum content but different internal rotation profile at the
ZAMS evolve. On the other hand, it permits us to produce very
rapidly rotating stellar models from the ZAMS and throughout
the whole MS lifetime.
Throughout the present article we extend and complement
the work by Georgy et al. (2013). In Section 2 we describe the
assumptions made by Haemmerlé et al. (2013) to obtain the in-
ternal rotation profile at the ZAMS, and describe the results ob-
tained by these authors, which are relevant to the present work.
Because we present here models with different metallicities, we
also show that the results obtained for Z=0.014 are valid for
lower metallicities as well. In Section 3 we present our new
models of rapidly rotating stars from the ZAMS with a large an-
gular momentum content, we describe their main characteristics,
and show how they compare with the grids presented by Georgy
et al. (2013). We conclude in Section 4.
2. Relevance of the internal rotational profile of a
star at the ZAMS for its subsequent evolution
Haemmerlé et al. (2013) showed that stars that form through dif-
ferent pre-MS accretion prescriptions, but have the same content
of total angular momentum at the ZAMS, follow the same sub-
sequent evolution in terms of evolutionary tracks, surface veloc-
ities, and abundances, independently of their formation history.
These authors computed pre-MS tracks for stars between 2 and
22 M at solar metallicity, using the Geneva stellar evolution
code (Eggenberger et al. 2008; Ekström et al. 2012), including
shellular rotation, and following different scenarios, with accre-
tion or at constant mass. The initial model, at the top of the
Hayashi line3, is fully convective, and solid-body rotation is as-
sumed in convective zones. During pre-MS evolution, large re-
gions of the star become progressively radiative and a gradient
of internal angular rotation velocity (Ω) develops, so that the ro-
tation profile obtained when the star reaches the ZAMS is not
flat. For models reaching vsurf/vcrit = 0.4 on the ZAMS in the
accretion scenario, the ratio between the central and the surface
value of Ω is 1.8 for 2 M, and 1.2 for 14 M. Similar values
were obtained for constant mass. Then, Haemmerlé et al. (2013)
were able to compare the MS evolution of stars with this rotation
would certainly have an impact on the amount of angular momentum
a star can have in its interior for a certain surface angular velocity, and
therefore on our results.
3 In the accretion scenario, the initial model is a 0.7 M hydrostatic
core at the top of the Hayashi line, which corresponds to this mass value.
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profile on the ZAMS, with the MS evolution of stars rotating as
a solid body on the ZAMS. The authors obtained that after a
re-adjustment phase that lasts for ∼ 15% of the total MS time,
models with the same mass and angular momentum content with
different internal rotation profiles at the ZAMS converge to the
same internal rotation profile. Or, in other words, they found
that the rotation profile after this re-adjustment phase is only de-
termined by the total angular momentum of the star, and that
the evolutionary tracks and the surface abundances show no sig-
nificant differences throughout later evolutionary phases. As a
consequence, for a given angular momentum content, the choice
of the rotation profile on the ZAMS has no impact on the subse-
quent evolution, except in the very beginning of the MS.
This result allows circumventing the limitation in rotation
velocity for models with solid-body rotation on the ZAMS,
which unavoidably undergo a sharp decrease in the surface rota-
tional velocity. We can now produce models with a non-flat in-
ternal rotation profile with a larger angular momentum content,
therefore can attain surface rotational velocities close to critical
throughout the whole MS phase.
In the following subsection, we extend the work by Haem-
merlé et al. (2013) to lower metallicities by studying the impact
of different initial rotation profiles on the evolution of a 9 M at
Z=0.002.
2.1. Computing the stellar structure at the ZAMS for Z=0.002
We first computed a model with the accretion phase during pre-
MS evolution. As in Haemmerlé et al. (2013), we start with a
fully convective 0.7 M hydrostatic core at the top of the Hayashi
line (Z = 0.002, Teff = 4427[K] and L = 10.3L). We assumed
that the star accretes mass at a rate M˙ given by
log 2M˙ = −5.28 + log L
L
· (0.752 − 0.0278 · log L
L
), (1)
where L is the bolometric luminosity of the star. This mass
accretion rate, first used by Behrend & Maeder (2001), was
inspired by the observational correlation between mass out-
flows and bolometric luminosities in ultra-compact HII regions
(Churchwell 1999; Henning et al. 2000) and from a fit with ob-
served Herbig Ae/Be stars (Behrend & Maeder 2001). Because
the luminosity of the star changes during accretion, the mass ac-
cretion rate is time dependent, and except for very early in the
pre-MS evolution, it increases with the age. This rate does not
depend on the final mass of the star. In this scenario, all stars
instead accrete at the same rate until they reach their final mass
MZAMS and once accretion is supressed, the star evolves at con-
stant mass.
At each timestep during the accretion phase we assigned the
same values for thermodynamic quantities to the material that is
accreted as to the material of the surface of the stellar model in
the previous timestep. This choice corresponds to the cold-disc
accretion scenario. The same was done for the angular velocity:
at each time step, we assigned the same value of Ω to the material
that is accreted as to the surface layers of the model in the pre-
vious timestep. This choice determines the angular momentum
accretion law J˙, and this law corresponds to a specific angular
momentum in the accreted material that is almost constant with
time.
With such a law, the total angular momentum of the star on
the ZAMS for a given mass and metallicity is completely deter-
mined by the angular velocity we give to the initial model. We
arbitrarily took Ωini = 2 × 10−5 s−1 and considered MZAMS=9
Fig. 1. Evolution of the stellar rotation during the first part of the MS
for the three models with 9M and Z = 0.002 with the same value of
Jtot, but with different rotation profiles on the ZAMS, as described in
the text. Upper panel: Equatorial rotational velocity as a function of
the central mass fraction of hydrogen Hc. The internal rotation profiles
on the ZAMS (Hc ' 0.744) and at Hc = 0.73 are superimposed. Lower
panel: Ratio of the surface angular velocity to the critical angular ve-
locity as a function of the central mass fraction of hydrogen. In both
panels, the two stages of the rotation profiles are indicated by vertical
dotted lines.
M. This leads to a total angular momentum contained in the
star of Jtot = 9.59 × 1051 [g cm2 s−1] when the accretion phase
ends.
We computed two additional models with M=9 M and
Z = 0.002 starting the ZAMS with this same value of Jtot, one
with a flat internal rotation profile ∇Ω = 0 and one with an ad
hoc rotation profile, steeper than the one we obtain after pre-MS
evolution: ∇Ω > ∇ΩPMS.
2.2. Impact of the initial rotational profile for Z=0.002
The evolution of the rotational velocity profiles for the three
models described in the previous subsection during the first part
of the MS is plotted in Fig. 1. In the upper panel of this figure we
also show the three internal rotation profiles on the ZAMS (for a
central mass fraction of hydrogen Hc ' 0.744) and at Hc = 0.73,
which corresponds to an age of ∼ 4% of the total MS duration.
This figure shows that the model with the flat internal rotation
profile (∇ΩZAMS = 0) begins its MS evolution with a sharp de-
crease of vsurf . The strong meridional currents quickly modify
the artificial flat rotation profile, producing a decrease of the sur-
face velocity and an increase of the angular velocity in the inter-
nal regions. The same occurs with the model obtained through
pre-MS calculations: despite having a differential rotation on the
ZAMS, the rotation profile is not in a stationary situation either,
and meridional currents act to increase ∇Ω and decrease the sur-
face velocity as for ∇ΩZAMS = 0, but in a weaker fashion, since
the rotation profile is closer to a quasi-equilibrium configura-
tion. The third model we propose at the ZAMS has an inter-
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Fig. 2. HR diagram of the three models with 9M and Z = 0.002 with
the same value of Jtot, but with different rotation profiles on the ZAMS,
as described in the text. For the model computed with the pre-MS, the
part of the track corresponding to the accretion phase is indicated.
nal profile that is steeper than the as for the pre-MS calculations
we described before. For this ad hoc profile, the convergence
to the quasi-equilibrium configuration (hereafter initial MS ro-
tation profile) corresponds to an increase of the surface velocity
and a decrease of the angular velocity in the central regions of
the star. Fig. 1 shows that very shortly after the ZAMS (4% of
the MS duration), the rotation profile of the three models with
the same angular momentum content has already converged to
the same initial MS rotation profile. After this stage, all models
evolve identically in terms of surface velocity and evolutionary
tracks on the HRD.
The evolutionary tracks on the HRD of the models with the
three initial conditions are shown in Fig. 2 together with a zoom
on the ZAMS showing that the three different tracks converge to
the same. There are only small differences in the evolutionary
tracks after the MS phase when crossing to the red part of the
HRD after the end of central He burning. This is because the
values of Jtot in the three models are not exactly the same. The
small differences in Jtot (' 0.05%) can produce these differences
on the HR tracks in these stages that are very sensitive to the
rotation properties of the star.
The behaviour of the equatorial rotational velocity just after
the ZAMS for the different initial internal structures illustrates
the reason why we need to propose an ad hoc rotation profile on
the ZAMS in some cases to obtain models with a surface velocity
close to the critical velocity during the whole main sequence. As
shown by Haemmerlé et al. (2013) for Z = 0.014, models with
a pre-MS evolution that have MZAMS ≥6 M begin their MS
evolution with a decrease of vsurf/vcrit, as for ∇ΩZAMS = 0, but
in a weaker way. For Z = 0.002, this initial decrease of vsurf/vcrit
occurs for the whole mass range we considered here. Where the
decrease in the equatorial velocity is strong enough, a limitation
in Jtot is imposed, of the same type as for ∇ΩZAMS = 0, so that
an ad hoc steeper internal rotational profile is required at the
ZAMS to be able to generate stellar models with higher values
of Jtot. These high initial values of angular momentum content
are necessary for a rotation of the star with vsurf/vcrit close to one
during the whole MS.
We have shown that the MS evolution of models with a steep
ad hoc internal rotation profile on the ZAMS is virtually the same
as the MS evolution of models with ∇ΩZAMS = 0. We used
these ad hoc rotation profiles on the ZAMS when the rotation
profile obtained from pre-MS evolution did not allow us to obtain
a vsurf/vcrit high enough at the beginning of the MS.
The question that naturally arises is whether there is a pre-
MS scenario (M˙, J˙), different from the one proposed here, that
produces such a steep rotation profile on the ZAMS. Answering
this question is beyond the scope of this article, therefore we
leave this to be discussed in a forthcoming work.
Our findings are also useful because they show that mod-
els with a solid rotation profile at the ZAMS can represent the
evolution of a star with the same initial angular momentum con-
tent, but any initial internal rotation profile, except at the very
beginning of the MS. We should bear in mind, however, that the
surface equatorial velocity when the initial MS rotation profile is
reached corresponds to a lower value than the equatorial velocity
for the solidly rotating model at the ZAMS.
In this sense, each model presented by Georgy et al. (2013)
would adequately represent a differentially rotating star at the
ZAMS with an initial rotational velocity rate ω corresponding to
the rate obtained when the initial MS rotation profile is reached,
which corresponds to the lowest rotational rate achieved soon
after the ZAMS, when the star reaches a quasi-equilibrium state,
as seen in Fig. 1.
Because we intend to understand the evolution of very
rapidly rotating stars, we saught to obtain stellar evolution mod-
els with rotational rates close to critical during the whole MS.
We present here rapidly rotating stellar models with a large an-
gular momentum content and a non-flat rotational profile at the
ZAMS that can soon reach the critical limit.
In the following section we compare these new stellar evo-
lution models with large angular momentum content with the
results reported by Georgy et al. (2013).
3. Results
Following what has been presented in Section 2 we can assume
that each model computed asuming solid-body rotation and dif-
ferent rotational rate at the ZAMS (Georgy et al. 2013) evolves
identically to models with the same mass, metallicity, and an-
gular momentum content, regardless of the internal rotational
profile, except for very early in the main sequence.
Because we intend to have a grid of models with initial rota-
tion rates ranging from zero to almost critically rotating in order
to be able to study the evolution of rotating stellar populations,
we still need to complete the range of models for stars that rotate
close to the critical limit since early in the MS. To do this, we
generated models with a non-solid-body rotation profile at the
ZAMS and a larger angular momentum content than those pre-
sented in Georgy et al. (2013). As explained in Section 2, for
models that failed to reach these large angular momentum con-
tent through the proposed accretion scenario, an ad hoc initial
rotational profile was proposed.
In this way, we produced new evolutionary tracks with
initial rotational rates ω at the ZAMS higher than 0.9. In
this section, we describe our new results and compare them
with the grids by Georgy et al. (2013). The electronic
tables for these evolutionary tracks are made available at
http://obswww.unige.ch/Recherche/evol/-Database-.
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Fig. 3. HRD of our models with 1.7 (red), 2 (green), 2.5 (blue), 3
(magenta), 4 (cyan), 5 (black), 7 (orange), 9 (grey), 12 (red) and 15
(green) solar masses corresponding to the largest angular momentum
content (thick continuous lines) and those with the highest rotational
rate at the ZAMS presented by Georgy et al. (2013) (thin dashed lines),
for solar metallicity.
Tables 1, 2, and 3 show the overall characteristics at the
ZAMS and at the end of the main burning stages for models with
different masses and angular momentum content at Z=0.014,
Z=0.006, and Z=0.002. The format of the tables is similar to the
format presented by Georgy et al. (2013), except that we pro-
vide here the initial angular momentum instead of the mean ro-
tational velocity through the MS to make the comparison among
the models straightforward. Because at the end of the He and
C burning the surface velocities are low, the rotation period and
the ratio between the surface and the core angular velocities are
listed in these tables. As for red giant stars (Eggenberger et al.
2012), it is also possible to estimate this ratio from asteroseismic
observations for more massive stars, which can set constraints on
the different angular momentum transfer prescriptions in stellar
evolution models. The rows that list to our new calculations with
a large angular momentum content are indicated with an asterisk.
The remaining rows list the older models by Georgy et al. (2013),
but their initial rotational velocity and rotational rate have been
corrected assuming that these quantities correspond to the ini-
tial MS rotation profile, as described in Sect. 2. The modified
quantities are indicated with the symbol †.
Figures 3 and 4 show the location in the HRD of the models
with the largest angular momentum content we computed for
each mass and metallicity, together with the models with the
fastest rotation at the ZAMS presented previously by Georgy
et al. (2013). In the following subsections, we discuss the most
remarkable differences and similitudes between the previously
computed and the new models.
3.1. Stellar lifetimes, mass of the convective cores, and
evolutionary tracks in the HRD
As shown by Meynet & Maeder (2000), Ekström et al. (2008),
and Georgy et al. (2013), when they are governed by the cen-
trifugal force at the ZAMS, rotating models behave like lower
mass models, with a shift of the tracks towards lower L and Teff ,
compared with non-rotating models. This implies that the size
of the convective core on the ZAMS decreases as a function of
the initial rotational velocity. Later in the evolution, the core
is fed with fresh hydrogen by the effects of rotational mixing,
slowing down the decrease in the mass of the convective core
(Mcc), and the newly produced helium is brought to the radiative
zone, and accordingly our models evolve on bluer and more lu-
minous tracks. Figure 5 shows the evolutionary tracks (top) and
the evolution of the Mcc (bottom) of 7 M models. As already
shown by Georgy et al. (2013), we find an extreme behaviour for
our lower metallicity models: during the MS of the models with
the highest rotational rate at the ZAMS (or in other words the
models with the largest angular momentum content), the core is
nourished with fresh hydrogen brought by rotational mixing in
such a way that the star evolves at almost constant Mcc. Conse-
quently, the MS lifetimes are significantly longer (see Figure 5,
bottom). For the 7 M model with the largest angular momentum
we computed at Z=0.002, the mixing of chemical species during
the critical rotation phase is extremely efficient in the whole star.
This increases the mean molecular weight µ in the external layers
of the star, which has a well-known effect on its effective tem-
perature and luminosity, shifting it bluewards in the HRD. This
bluewards evolution, is typically known as chemically homoge-
neous evolution (Maeder 1987; Yoon & Langer 2005) (Figure
5, top right). The dependence of the MS duration of our new
models with mass follows the same trend as was found for lower
rotational rates: because rotational mixing increases the MS life-
times, at Z=0.014 the increase amounts to about 15%-25% com-
pared with the non-rotating model for stars rotating below 0.5 of
the critical limit, whereas for the most rapid rotators we com-
puted, the variation in the duration of the main sequence can be
as high as 45%, as seen in Figure 6 (top). For lower metallicities,
at Z=0.002 the effects of rotation in the duration of the MS are
very strong, with an increase of more than 25% for all masses
at high rotational rates. Our Z=0.006 models behave much like
the solar metallicity case. For the smallest and largest masses
we computed, this increase of the MS lifetime is higher than
55%. The duration of the helium-burning phase relative to the
MS phase decreases with mass and is shorter for Z=0.002. At
this metallicity, for masses below 5 M the star burns helium
for a significant time, and undergoes a blue loop, which starts
when the star is a red supergiant (RSG). For higher masses, as
remarked by Georgy et al. (2013), rapid rotation leads the star
to evolve directly to the top of the loop, without the first RSG
phase. In this case, most of the core He burning occurs in the
blue part of the HRD.
3.2. Surface abundances
The changes of surface abundances of CNO reflect the actions of
the dominating burning cycle and the mixing mechanisms that
occurr in the star. Przybilla et al. (2010) showed that a simple
analytical derivation from the CNO cycle for intermediate mass
stars, when the effects of mixing remain modest, leads to a linear
relation between the relative enrichments N/C vs. N/O, with a
slope ∼ 4 (see also Maeder et al. 2014). We show in Figs. 7,
8, and 9 the N/C vs. N/O diagram for Z=0.014, Z=0.006 and
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Fig. 4. Same as Fig. 3, but for Z=0.006 (left) and Z=0.002 (right).
Fig. 5. HRD (top) and evolution of the mass of the convective core (bottom) of 7 M models with metallicities of Z=0.014 (left), Z=0.006
(center), and Z=0.002 (right), for different rotational rates at the ZAMS.
Z=0.002, respectively, for different initial rotational rates and
different stellar masses, at the end of the MS and at the end of the
helium-burning phase. The slowly rotating models (Ω/Ωcrit <
0.5) follow the linear trend described in Przybilla et al. (2010).
Our new rapidly rotating models (magenta) show strong changes
in the surface abundances already at the end of the MS. This is
particularly remarkable for Z=0.002, as was already discussed
by Georgy et al. (2013).
For the helium surface abundances, Przybilla et al. (2010)
showed that MS B-type stars show a roughly constant value (∼
0.28), while higher enrichments are obtained for more evolved
objects, between 0.3 and 0.4. Figures 10 and 11 show the he-
lium enrichment versus the ratio N/O at the end of the MS and
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Table 4. Data for the models that reach the critical velocity during the MS.
Z Mini Ω/Ωcrit, ini τcrit. rot. τcrit. rot./τMS Hcen ∆Mtot ∆Mrad ∆Mmech M˙mech, mean
M yr M M M M · yr−1
0.014 1.70 0.95 1.9195 · 109 0.804 0.643 0.0979 0.0892 8.6831 · 10−3 4.5236 · 10−12
0.014 2.00 0.96 1.1401 · 109 0.809 0.619 0.0399 0.0310 8.9237 · 10−3 7.8274 · 10−12
0.014 2.50 0.95 5.3951 · 108 0.733 0.584 0.0760 0.0651 1.0933 · 10−2 2.0265 · 10−11
0.014 3.00 0.95 3.5548 · 108 0.805 0.622 0.0813 0.0641 1.7220 · 10−2 4.8443 · 10−11
0.014 4.00 0.95 1.7809 · 108 0.867 0.654 0.1238 0.0990 2.4704 · 10−2 1.3872 · 10−10
0.014 5.00 0.95 8.4680 · 107 0.721 0.593 0.1037 0.0756 2.8118 · 10−2 3.3205 · 10−10
0.014 7.00 0.95 3.7185 · 107 0.685 0.576 0.1537 0.1159 3.7842 · 10−2 1.0177 · 10−9
0.014 9.00 0.95 2.2899 · 107 0.690 0.578 0.2289 0.1825 4.6381 · 10−2 2.0255 · 10−9
0.014 12.00 0.95 1.1726 · 107 0.541 0.589 1.5632 1.5489 1.4287 · 10−2 1.2184 · 10−9
0.014 15.00 0.95 9.1153 · 106 0.582 0.574 3.1693 3.1637 5.6247 · 10−3 6.1706 · 10−10
0.006 1.70 0.93 1.3225 · 109 0.702 0.596 0.0818 0.0719 9.8766 · 10−3 7.4683 · 10−12
0.006 2.00 0.94 8.9484 · 108 0.800 0.636 0.0361 0.0245 1.1598 · 10−2 1.2960 · 10−11
0.006 2.50 0.92 3.8193 · 108 0.644 0.556 0.0385 0.0269 1.1644 · 10−2 3.0486 · 10−11
0.006 3.00 0.96 3.1073 · 108 0.822 0.655 0.0575 0.0399 1.7599 · 10−2 5.6638 · 10−11
0.006 4.00 0.94 1.2853 · 108 0.701 0.600 0.0775 0.0580 1.9500 · 10−2 1.5172 · 10−10
0.006 5.00 0.92 5.5128 · 107 0.510 0.500 0.0808 0.0630 1.7803 · 10−2 3.2294 · 10−10
0.006 7.00 0.92 2.8344 · 107 0.522 0.510 0.7640 0.0508 2.5565 · 10−2 9.0195 · 10−10
0.006 9.00 0.92 1.6014 · 107 0.474 0.478 0.1504 0.1235 2.6973 · 10−2 1.6843 · 10−9
0.006 12.00 0.91 1.1425 · 107 0.512 0.460 0.8014 0.7998 1.6202 · 10−3 1.4181 · 10−10
0.006 15.00 0.91 6.6927 · 106 0.428 0.395 2.0345 2.0328 1.7458 · 10−3 2.6084 · 10−10
0.002 1.70 0.94 1.1390 · 109 0.708 0.667 0.0668 0.0556 1.1169 · 10−2 9.8063 · 10−12
0.002 2.00 0.94 7.2368 · 108 0.769 0.668 0.0356 0.0256 1.0052 · 10−2 1.3890 · 10−11
0.002 2.50 0.93 3.4795 · 108 0.711 0.616 0.0836 0.0736 9.9490 · 10−3 2.8593 · 10−11
0.002 3.00 0.93 1.6575 · 108 0.545 0.540 0.0813 0.0715 9.8707 · 10−3 5.9551 · 10−11
0.002 4.00 0.93 9.0014 · 107 0.522 0.505 0.0876 0.0756 1.1992 · 10−2 1.3322 · 10−10
0.002 5.00 0.92 5.1098 · 107 0.421 0.366 0.0510 0.0412 9.7813 · 10−3 1.9142 · 10−10
0.002 7.00 0.93 1.9022 · 107 0.300 0.235 0.0626 0.0451 1.7543 · 10−2 9.2228 · 10−10
0.002 9.00 0.93 2.3485 · 107 0.621 0.562 0.1365 0.1042 3.2377 · 10−2 1.3786 · 10−9
0.002 12.00 0.93 1.5147 · 107 0.665 0.576 0.3303 0.2946 3.5740 · 10−2 2.3595 · 10−9
0.002 15.00 0.92 1.0951 · 107 0.652 0.547 1.2601 1.1999 6.0194 · 10−2 5.4964 · 10−9
Notes. Initial metallicity, mass, and rotation rate (columns 1 to 3), time spent at the critical limit in Myr (column 4) and in units of the MS
lifetime (column 5), central hydrogen mass fraction when the critical limit is reached for the first time (column 6), total mass lost during the whole
computed evolution (column 7), mass lost through stellar winds (column 8), mass lost mechanically at the critical limit (column 9), mechanical
mass-loss rate averaged over the critical-rotation period (column 10).
at the end of the helium burning for Z=0.014 and Z=0.002. At
Z=0.014, our slowly rotating models have a roughly constant he-
lium content at the end of the MS (∼ 0.27-0.3) that is close to the
observed values mentioned above, in particular for models with
masses smaller than 12 M. For models with the largest masses
and rotational rates at the ZAMS the enrichment is somewhat
higher, reaching values expected for post-MS objects.
The surface nitrogen enrichments for our rotating models are
shown in Figure 12. For the metallicities presented here, the en-
hancements obtained for the most massive and most rapidly ro-
tating models would be more likely to be detected, in particular
towards the end of the MS. Even though the chemical enrich-
ments might be detectable in stars, there are very few massive
stars that have been critical rotators throughout their whole MS
to reach the highest values presented in this work. If a MS B-type
star rotating close to its critical limit were observed, it would
only show a high enrichment either if it were very close to their
TAMS or if it had been rotating almost critically during most of
its lifetime. Early B-type stars with large V sini that are close to
their TAMS are good candidates in which to search for surface
enrichments.
3.3. Evolution of surface velocities and mechanical mass loss
All our new rapidly rotating models with Z=0.002, Z=0.006, and
Z=0.014 with masses smaller than 15 M reach the critical limit
soon after the ZAMS, and therefore they lose mass mechani-
cally during a longer time of the MS than the models presented
by Georgy et al. (2013), and the duration of the MS phase is
prolonged. The most massive stars, reach the critical limit, but
soon stellar winds become efficient in removing the excess of an-
gular momentum at the stallar surface, preventing the star from
reaching the critical limit. Table 4 shows the duration of the crit-
ical rotation phase, the central hydrogen abundance when criti-
cal rotation is attained, the total mass lost for these models, the
mass lost via stellar winds and mechanically, and also the mean
mechanical mass-loss rate during the critical phase for our new
computations. In all the cases, for each mass and metallicity
the mean mass-loss rates throughout the critical rotation phase
remain very similar to the rates we had obtained for models pre-
sented in Granada et al. (2013) with the largest angular momen-
tum content. We exemplify in Figure 13 the evolution of the
equatorial velocity through the MS phase for 7 M and 15 M
models for different rotational rates at the ZAMS and for two
different metallicities Z=0.002 and Z=0.014. We plot our new
models that rotate significantly faster throughout the MS than
our previous computations with the highest rotational rate at the
ZAMS. The extension in the duration of the MS lifetime is quite
remarkable as well, in particular at Z=0.002: at this metallicity,
the duration of the MS for the models with a large angular mo-
mentum content is even longer than at Z=0.014. For the model
with 7M, the time spent on the MS is close to 20% longer.
3.4. Metallicity dependency of the surface velocity at the
ZAMS
Figure 14 shows the initial angular momentum content versus
the rotational velocity at the ZAMS for the models presented in
Tables 1 and 3. We see that the equatorial rotational velocity at
the ZAMS is almost metallicity independent, for the same mass
and the same angular momentum content. This is a counterintu-
itive finding. Because of the differences in opacity, a star at the
ZAMS at Z=0.002 is more compact than a star of identical mass
at Z=0.014. We would expect the more compact star to have a
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Fig. 6. Extension of the MS duration (top) and helium-burning phase
(bottom) with respect to the non-rotating case for Z=0.014 (red) and
Z=0.002 (blue), for clarity we did not plot the results for Z=0.006,
which behave much like Z=0.014. Three rotational velocity rates are
shown: ∼0.43% (dotted line), ∼0.83% (dashed line) and higher than
90% of critical (continuous line).
smaller momentum of inertia, and therefore, a faster rotation for
a given angular momentum content. We explain below that this
is not the case, according to our models.
The total angular momentum of the star is given by
J =
∫
?
ρ j d3x =
8
3
pi
∫ R
0
ρ r4 Ω dr, (2)
where j and ρ are the local specific angular momentum and
density. Calling s = r/R and ρ¯ = M/( 43piR
3), it follows
J = 2MR vsurf
∫ 1
0
ρ
ρ¯
Ω
Ωsurf
s4 ds. (3)
Eq. (3) shows that for two stars with the same M and J, their
radii and surface velocities are related by
R1 × vsurf 1 = R2 × vsurf 2, (4)
if the relative distribution of the mass (i.e. ρ/ρ¯ as a function
of s) and of the internal angular velocity profile (Ω/Ωsurf as a
function of s) inside the star are the same.
Observations show that stars in the SMC rotate on average
∼ 20 − 30% faster (in vsurf), than stars in the Milky Way for the
Fig. 7. Surface nitrogen to carbon mass ratio versus the nitrogen to
oxygen ratio at the end of hydrogen burning (circles) and end of helium
burning (squares), for different stellar masses at Z=0.014. As shown at
the bottom, different symbol sizes indicate different stellar masses, from
1.7 M up to 15 M.
Fig. 8. Same as Figure 7, but with Z=0.006. The non-rotating case is
not shown in this plot.
Fig. 9. Same as Figure 7, but with Z=0.002. The non-rotating case is
not shown in this plot.
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Fig. 10. Helium surface abundance (Ys) versus the ratio N/O for
stars at the end of the MS (circles) and at the end of the helium burning
(squares) for models at Z=0.014 with different masses, represented by
different point sizes as in Fig. 7, and different rotational rates at the
ZAMS by different colours.
Fig. 11. Same as Figure 10, but for Z=0.002.
Fig. 12. N/H abundance at the end of the main sequence for Z=0.002
(blue) and Z=0.014 (red) and three rotational velocities: ∼0.43% (dot-
ted line), ∼0.83% (dashed line), and larger than 90% of critical (contin-
uous line).
mass range considered here (e.g. Martayan et al. 2007). These
observations, together with the compactness of stars at lower
metallicities, is normally interpreted as satisfying Eq. (4), giv-
ing a ratio
vsurf 02
vsurf 14
=
R14
R02
' 1.2 − 1.3, (5)
where vsurf indicates the equatorial surface velocity and the sub-
script 02 and 14 indicate SMC and solar metallicities, respec-
tively, in agreement with the observations. As explained above,
this relation implicitely assumes that the relative distribution of
the mass and of the angular velocity inside stars of different
metallicities are the same.
Since we obtain from our models at the ZAMS that vsurf 02 '
vsurf 14 and R14 , R02, we expect that the relative distribution of
the mass and/or of the angular velocity must differ between both
metallicities. We briefly show here that what differs between
models of different metallicities is the mass distribution.
We compare two models with Z = 0.014 and Z = 0.002, with
the same mass and angular momentum content at the ZAMS,
MZAMS = 9 M and JZAMS = 6.81 × 1051 g cm2 s−1. In these two
cases the internal rotation profile is differential. For these given
quantities, the stellar radii and equatorial velocities are for the
larger metallicity, R14 = 3.71 R and vsurf 14 = 198 km s−1 =
35% vcrit 14, while for Z=0.002 they are R02 = 3.02 R and
vsurf 02 = 203 km s−1 = 33% vcrit 02. The ratios presented above
are R14R02 = 1.23 and
vsurf 02
vsurf 14
= 1.03, and therefore R14R02 ,
vsurf 02
vsurf 14
.
We compare this result with the case of solid-body rotation,
Ωsol = Ωsolsurf , with identical characteristics as above (M, J, den-
sity profiles and radii). In this case Eq. (3) reads
J = 2MR vsolsurf
∫ 1
0
ρ
ρ¯
s4 ds. (6)
Replacing this with the known quantities and integrating Eq. (6)
for the two metallicities, we obtain:
R14 vsolsurf 14
R02 vsolsurf 02
=
∫ 1
0
ρ02
ρ¯02
s4 ds∫ 1
0
ρ14
ρ¯14
s4 ds
=
0.040
0.034
= 1.18. (7)
Because we know that R14R02 = 1.23, the velocity ratio is
vsolsurf 02
vsolsurf 14
= 1.03, the same as we found for a differential rotation
profile.
This result shows that the difference between R14R02 and
vsurf 02
vsurf 14
is
fully explained by a difference in the distribution of mass inside
the star.
A complete study of this effect and its causes for a wider
range in mass and metallicity is postponed to a forthcoming pa-
per (Haemmerlé et al. in prep.). We recall again that in the
context of rotating stellar populations environments with lower
metallicity than solar, such as that of the SMC, are claimed to
give rise to stars that rotate faster (e.g. Keller 2004; Martayan
et al. 2007). If higher rotational velocities were actually more
likely to occur at the ZAMS at Z=0.002 than at Z=0.014, and our
single evolutionary models were adequate to describe the char-
acteristics of rapidly rotating stars, this would mean that low-
metallicity environments form stars with a larger angular mo-
mentum content.
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3.5. Impact on the expected number of rapidly rotating
B-type stars with time.
We have shown throughout this work that rotating models com-
puted assuming solid rotation at the ZAMS adequately represent
models with identical metallicity, mass, and angular momentum
content, but with a differentially rotating internal profile, except
for very early in the MS. Our pre-MS computations showed that
the internal rotational profile has reached a quasi-stationary pro-
file already at the ZAMS. This is the same internal rotational
profile obtained after the sharp decrease in the surface velocity
of our models with a flat profile at the ZAMS. Therefore, we pro-
pose to use the grids presented by Georgy et al. (2013) (assuming
that the rotational rate at the ZAMS is the rate when the quasi-
equilibrium has been reached) together with our new models of
very rapidly rotating stars throughout the MS, to study how rotat-
ing stellar populations evolve in time, as we have already done in
Granada et al. (2013), by using the new Geneva population syn-
thesis code (SYCLIST, for synthetic clusters, isochrones, and
stellar tracks) presented by Georgy et al. (2014).
We studied how the fraction of stars with surface velocities
above a given limit varies in clusters of various ages. We briefly
recall that the populations are computed in the mass domain of
1.7 - 15 M with initial rotational rates between 0 and 1. We
discretized the mass domain into 1000 mass intervals and the
velocity domain into 100 intervals.
Each mass and velocity cell was assigned with the expected
number of stars and then normalised according to an initial mass
function (Salpeter 1955) and to an initial rotation-rate distribu-
tion (Huang et al. 2010). We then built an evolutionary track for
these initial conditions and interpolated between our computed
tracks. At each timestep, we checked the spectral type of the star
in each of the cells, and its current rotation rate. If the star was in
the B-type domain4 and the rotation rate was higher than a given
constant (0.70, 0.90, or 0.98), we added the number of stars in
the cell to the total number of stars of a given spectral type that
rotates more rapidly than the given constant. The population was
normalised with respect to the total number of B stars at the same
time.
Even though the distribution by Huang et al. (2010) was ob-
tained for Z=0.014, we used it as well to produce a population
at Z=0.002 to compare this with our previous results and study
the effects of metallicity alone. An identical initial distribution
of rotational rates for both metallicities corresponds to a distri-
bution of higher rotational velocities at the ZAMS for Z=0.002.
This corresponds to a larger angular momentum content for ob-
jects at lowe metallicities, which is in principle coherent with
observations of rotating B-type stars.
Figures 15 and 16 show the time evolution of stars rotating
faster than 0.70, 0.90, and 0.98 in terms of Ω/Ωcrit (these values
correspond to 0.51, 0.73, and 0.88 in terms of v/vcrit, respec-
tively) for Z=0.002 and Z=0.014.
As expected, our new results lead to higher percentages of
rapidly rotating stars. The effect is moderate for the fraction of
stars rotating with Ω/Ωcrit>0.7, whereas the changes are strong
for the group of the most rapidly rotating stars. We find now that
there is always a non-zero probability of having stars rotating
with Ω/Ωcrit>0.98 at all ages, which can become higher than
10% of B stars towards the TAMS of late B-type stars, where the
existing B stars are rapidly rotating objects.
4 We define a B star as an object with effective temperature between
10000 K and 30000 K.
Fig. 15. Time evolution of the fraction of B-type stars that rotate
faster than a certain Ω/Ωcrit for Z=0.014. Red continuous lines corre-
spond to the fraction of stars rotating with Ω/Ωcrit>0.7, green dashed
lines to those with Ω/Ωcrit>0.9, and blue dotted lines to Ω/Ωcrit>0.98.
Thin lines correspond to the ZAMS rotational rates for solidly rotating
models shown in Granada et al. (2013), whereas the thicker lines are
our new results obtained assuming that the rotational rate at the ZAMS
is the rate when the quasi-equilibrium has been reached.
4. Conclusions
We have shown that our grids of rotating models computed as-
suming solid rotation at the ZAMS (Georgy et al. 2013) ade-
quately represent models with a different initial internal rotation
profile, but identical metallicity, mass, and angular momentum
content, except for very early in the MS. We propose to use these
grids in the future to build synthetic populations, assuming as the
initial rotational velocity the velocity obtained when the star has
reached the quasi-equilibrium state described in Section 2.2.
By using differentially rotating stellar models at the ZAMS
obtained from pre-MS calculations, we were able to produce
stellar evolution models with larger angular momentum than
those presented in our previous work for three different metal-
licities and masses between 1.7 and 15 M. Objects that are
rotating close to the critical rotational rate throughout the whole
MS have a more extreme behaviour than those that reach the
critical limit later in the MS. This is particularly important in
low-metallicity environments, in which the stellar lifetimes, the
evolutionary tracks in the HRD, and the surface enrichment are
strongly modified by the effects of rapid rotation throughout the
MS.
Interestingly and counterintuitively, we found that for a cer-
tain mass and angular momentum content, the equatorial veloc-
ity at the ZAMS depends very weakly on the metallicity. This
is basically due to differences in the internal mass distribution.
We will discuss this result thoroughly in a forthcoming paper
(Haemmerlé et al., in preparation).
We count now on models with a large angular momentum
content that rotate close to the critical limit throughout the whole
MS. Our next step will be to use these new models together with
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Fig. 16. Idem. figure 15 but for Z=0.002.
the grids by Georgy et al. (2013) to compare synthetic rotat-
ing stellar populations with SYCLIST, obtained with the new
Geneva population synthesis code (Georgy et al. 2014), with ob-
served rotating populations.
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Fig. 13. Evolution of the equatorial velocity through the MS phase for 7 M and 15 M models. Continuous lines correspond to Z=0.014,
whereas dashed lines correspond to Z=0.002. Different colours indicate different values of Ω/Ωcrit at the ZAMS: red corresponds to 0.43, green to
0.83, and magenta to our new models with a large angular momentum content.
Fig. 14. Equatorial velocity at the ZAMS versus the angular momentum content for different masses and metallicities, red squares correspond to
Z=0.014, green triangles to Z=0.006, and blue circles correspond to Z=0.002.
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